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Hyperbolicity: a very brief overview

Observation: If C is a curve of genus at least two, then any holomorphic map
f : C→ C is necessarily constant.
Proof Any map f : C→ C factors through the universal cover of C , which is a disc
(upper half plane). But any bounded entire function is constant (Liouville).

Remark: In contrast, curves of genus zero and one do admit non-constant
holomorphic maps from C (and so do abelian varieties, rationally connected varieties,
blow-ups of varieties)
Higher dimensional analogs? Let X be a complex manifold, n = dimC(X )
X is said to be Brody hyperbolic if there are no non-constant entire holomorphic
curves f : C→ X . Brody showed that for compact X
Brody hyperbolicity ⇐⇒ Kobayashi pseudo-metric is a metric
Hyperbolic varieties are especially interesting for their expected diophantine properties.
Lang conjectured that if a projective variety X defined over Q is hyperbolic, then
X (Q) is finite.
X is said to be weakly hyperbolic if there exists an algebraic variety Y  X such that
for all non-constant holomorphic f : C→ X one has f (C) ⊂ Y .
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Brief overview

Green-Griffiths-Lang conjecture,1981 Every projective algebraic variety X of general
type is weakly hyperbolic.
Kobayashi conjecture,1970 A very general hypersurface X ⊂ Pn+1 of degree
d > 2n + 3 is Brody hyperbolic.
Riedl and Yang, 2018: If there are integers dn such that the GGL conjecture for
hypersurfaces of dimension n holds for degree at least dn then the Kobayashi
conjecture is true for hypersurfaces with degree at least d2n−1.

McQuillen (1998): Positive answer for surfaces if c2
1 − c2 > 0.

Demailly and Siu (90’s): Strategy for projective hypersurfaces

Siu (1996) Positive answer for the GGL conjecture hypersurfaces of high degree.

Diverio, Merker, Rousseau (2009): Effective lower bound, deg(X ) > 2n
5 ⇒ GGL

(degree improved by B., Merker, Demailly, but these are exponential bounds)

Brotbek (2016) Proof of Kobayashi for sufficiently high degree (not effective).
Effective (exponential) bound by Deng (improved by Demailly, Merker)

Today: Report on the proof of polynomial GGL and Kobayashi theorem.
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Strategy ((Demailly, Siu 1990’s, Diverio-Merker-Rousseau ‘09)

Let f : C→ X , t → f (t) = (f1(t), f2(t), . . . , fn(t)) be a curve written in some local
holomorphic coordinates (z1, . . . , zn) on X . The k-jet bundle is

JkX = {f[k] : f : (C, 0)→ X} → X

sending f[k] to f (0). Fibre is

Jk (1, n) = {(f ′(0), f ′′(0), . . . , f (k)(0)) : f (i)(0) ∈ Cn}

The group of reparametrizations Diffk = Jregk (1, 1) acts fiberwise on JkX .
Diffk = Uk o C∗, and for λ ∈ C∗

(λ · f )(t) = f (λ · t), so λ · (f ′, f ′′, . . . f (k)) = (λf ′, λ2f ′′, . . . λk f (k)).

Consider algebraic differential operators = polynomial functions on JkX . Locally
in multi-index notation

Q(f ′, f ′′, . . . , f (k)) =
∑
αi∈Nn

aα1,α2,...αk (f (t))(f ′(t)α1 f ′′(t)α2 · · · f (k)(t)αk ,

where aα1,α2,...αk (z) are holomorphic coefficients on X and t → z = f (t) is a curve.
Q is homogeneous of weighted degree m under the C∗ action iff

Q(λf ′, λ2f ′′, . . . λk f (k)) = λmQ(f ′, f ′′, . . . f (k)).
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Strategy

(Green-Griffiths ‘78) Let EGG
k,m is the sheaf of algebraic differential operators of order

k and weighted degree m.

(Demailly, ’95) The bundle of invariant jet differentials of order k and weighted
degree m is the subbundle Ek,m ⊂ EGG

k,m, whose elements are invariant under arbitrary
changes of parametrization, i.e. for φ ∈ Diffk

Q((f ◦ φ)′, (f ◦ φ)′′, . . . , (f ◦ φ)(k)) = φ′(0)mQ(f ′, f ′′, . . . , f (k)).

Intuitively:

⊕m(Ek,m) = ⊕m(EGG
k,m)U = O((JkX ))Diffk = O(JkX/Diffk )

More precisely: We want meaningful projective completions of JkX/Diffk ⊂ PN such
that (global) sections of OPN (1) are invariant jet differentials. This should be a
fibrewise compactification Xk → X whose fiber is isomorphic to a projective
completion of Jk (1, n)/Diffk .
If f (z) = zf ′(0) + z2

2!
f ′′(0) + . . .+ zk

k!
f (k)(0) ∈ Jk (1, n) and

ϕ(z) = α1z + α2z2 + . . .+ αkz
k ∈ Diffk then

f ◦ ϕ(z) = (f ′(0)α1)z + (f ′(0)α2 +
f ′′(0)

2!
α

2
1)z2 + . . . +

 ∑
i1+...+il =k

f (l)(0)

l!
αi1 . . . αil

 zk =

= (f ′(0), . . . , f (k)(0)/k!) ·


α1 α2 α3 . . . αk
0 α2

1 2α1α2 . . . 2α1αk−1 + . . .

0 0 α3
1 . . . 3α2

1αk−2 + . . .

0 0 0 . . . ·
· · · . . . αk

1

 = Uk o C∗
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Strategy

Def: "Jk (1, n)/Diffk" is the moduli of k-jets of holomorphic curves.

Fact: GGL follows from positivity of certain cohomological intersection number
of the moduli of jets.

There are 3 different compactifications of this quasi-projective quotient.
1 The fibre of the Demailly-Semple bundle (tower of projective bundles) is a

smooth compactification. This was used for over 30 years to attack the
conjectures, and in particular Diverio-Merker-Rousseau in 2009 gave triplke
exponential (but effective!) degree bound in the GGL conjecture. We can derive
iterated residue formulae for intersection numbers on this using localisation and
improve the bound to exponential (Bérczi 2011)

2 The curvilinear component of the punctual Hilbert scheme Hilbk+1
0 (Cn) is a very

singular compactification. Residue formula for intersection pairings was worked
out by Bérczi-Szenes (Annals, 2012). Using this compactification we can get
polynomial degree bound for hypersurfaces in the hyperbolicity conjectures
modulo a positivity conjecture of Rimányi (Bérczi, 2015).

3 Diffk is not reductive. For non-reductive H, O(X )H is not necessarily finitely
generated (Nagata). So Proj(O(X )G ) is not a projective variety, and the image
of π : X → Proj(O(X )G ) is just constructible. Even if O(X )G is finitely
generated, Proj(O(X )G ) is not a set of s-equivalence classes in X ss ⊂ X
But: Between 2010-2017 Kirwan-Bérczi-Doran-Hawes developed non-reductive
GIT, and gave a third way to compactify Jk (1, n)/Diffk . This has symplectic
description and hence a powerful cohomology theory. Moreover there is a master
blow-up of the NRGIT quotient which maps to both two previous comp’s.
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Strategy

Assume π : Xk → X is a projective completion of JkX/Diffk which has the structure
of a locally trivial bundle over X , endowed with a canonical bundle OXk

(1) such that

π∗OXk
(m) ⊂ O(Ek,mN)

is a subsheaf of the sheaf of sections of Ek,mN .

Fundamental vanishing theorem (Green-Griffiths ’78, Demailly ’95, Siu ’96) Let
P ∈ H0(X ,Ek,m ⊗O(−A)) be a global algebraic differential operator whose
coefficients vanish on some ample divisor A. Then for any f : C→ X ,
P(f[k](C)) ≡ 0.(note f[k](C) ⊂ JkX )
Corollary

1 Let σ be a nonzero element of

H0(Xk ,OXk
(m)⊗ π∗O(−A)) ⊂ H0(X ,Ek,mN ⊗O(−A)),

then f[k](C) ⊂ Zσ .
2 If σj is a set of sections then the image f (C) lies in Y = πk (

⋂
ZPj

), hence GGL
holds if there are enough independent differential equations so that
Y = πk (

⋂
(ZPj

))  X .

It is crucial to control in a more precise way the order of vanishing of these differential
operators along the ample divisor. One gets
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Strategy

Theorem (Diverio-Merker-Rousseau, 2009, Darondeau 2016) Assume that n = k,
and there exist a δ = δ(n) > 0 and D = D(n, δ) such that

H0(Xn,OXn (m)⊗ π∗K−δmX ) ' H0(X ,En,mNT
∗
X ⊗ K−δmX ) 6= 0

whenever deg(X ) > D(n, δ) provided that m > mD,δ,n is large enough. Then GGL
holds for

deg(X ) ≥ max(D(n, δ),
5n + 3
δ

+ n + 2).

How to prove the existence of global sections? Algebraic Morse inequalities of
Demailly, Angelini, Trapani, Siu turn this problem into intersection theory!
Let L→ X be a holomorphic line bundle given as

L = F ⊗ G−1,F ,G nef bundles.

Then
h0(X , L⊗m)− h1(X , L⊗m) ≥

mn

n!
(F n − nF n−1G) +O(mn−1) > 0

In short: Problem is reduced to algebraic geometry and integration on Xk : we need to
prove the positivity of a cohomological intersection number on the r.h.s.
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Non-reductive GIT: arXiv:1607.04181

Jn(1, 1) = C∗ o U =


α1 α2 α3 . . . αn

0 α2
1 2α1α2 . . . 2α1αn−1 + . . .

0 0 α3
1 . . . 3α2

1αn−2 + . . .
0 0 0 . . . ·
· · · . . . αn

1

 acts on Jn(1, q).

Let U be a graded unipotent lin. alg. group and Û = U o C∗. Let X be an irreducible
normal Û-variety and L→ X an very ample linearisation of the Û action.

XC∗
min :=

{
x ∈ X

x is a C∗-fixed point and
C∗ acts on L∗|x with min weight

}
Xmin := {x ∈ X | limt→0 t · x ∈ XC∗

min} (t ∈ Gm ⊆ Û) the Bialynicki-Birula stratum.

Theorem (Non-reductive GIT theorem, B.,Doran, Hawes, Kirwan ’16))

Let L→ X be an irreducible normal Û-variety with ample linearisation L. Assume

(s=ss) x ∈ XC∗
min ⇒ StabU (x) = 1

(or more generally dim StabU (x) = miny∈X dim StabU (y)) Twist the linearisation by a
character χ : Û → C∗ of Û/U such that 0 lies in the lowest bounded chamber for the C∗
action on X . Then

1 the ring A(X )Û of Û-invariants is finitely generated, so that X//Û = Proj(A(X )Û ), and

X//Û = X ss,Û/ ∼ where x ∼ y ⇔ Ûx ∩ Ûy ∩ X ss,Û 6= ∅ (same as reductive GIT).

2 X ss,Û = X s,Û and X//Û = X s,Û/Û is a geometric quotient of X s,Û by Û.

3 (Hilbert-Mumford criterion) X s,Û = X ss,Û =
⋂

u∈U uX s,C∗
min + = Xmin \ UXC∗

min .

Moreover without condition (*) there is a GIT blow-up process to provide a Û-equivariant
blow-up X̃ of X for which (*) holds. Theorem works for graded linear groups in general.
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blow-up X̃ of X for which (*) holds. Theorem works for graded linear groups in general.

Gergely Bérczi – Aarhus joint work with Frances Kirwan arXiv:1909.11495, arXiv:1909.11417NRGIT&Hyperbolicity



Non-reductive GIT: arXiv:1607.04181

Jn(1, 1) = C∗ o U =


α1 α2 α3 . . . αn

0 α2
1 2α1α2 . . . 2α1αn−1 + . . .

0 0 α3
1 . . . 3α2

1αn−2 + . . .
0 0 0 . . . ·
· · · . . . αn

1

 acts on Jn(1, q).

Let U be a graded unipotent lin. alg. group and Û = U o C∗. Let X be an irreducible
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1 the ring A(X )Û of Û-invariants is finitely generated, so that X//Û = Proj(A(X )Û ), and
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Cohomology of non-reductive quotients: arXiv:1909.11495

Û = U o C∗ positively graded C∗-extension of a unipotent group U. Let X be a
projective variety endowed with a linear action of Û with respect to some ample line
bundle L. Assume (s=ss) condition of the Û-Theorem holds (otherwise we blow-up!).

The embedding X ⊂ P(⊕∞i=1H
0(L⊗i )) = P(V ) gives a canonincal linearisation

Û ⊂ GL(V ) and a canonical Û-moment map µÛ = µGL ◦ π : X → Lie(Û).
Theorem [Symplectic reduction for NRGIT quotients, B-Kirwan ’19]

µ−1
Û

(0) ⊂ X ss,Û = X s,Û .

The embedding Ûµ−1
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The embedding X ⊂ P(⊕∞i=1H

0(L⊗i )) = P(V ) gives a canonincal linearisation
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(0) ↪→ X s,Û induces a homeomorphism

µ−1
Û
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min.

This is an equivariantly perfect stratification giving us a simple expression of the
Poincaré series of the GIT quotient as

Pt(X//Û) = PS1
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Û
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Cohomology of non-reductive quotients II: Intersection pairings

Reductive abelianisation: The following diagram of Shaun Martin relates X//G and
X//TC through a fibering and an inclusion:

µ−1
K (0)/T

� �
⊕
α∈∆− Lα

//

vert(π)'⊕
α∈∆+ Lα

��

µ−1
T (0)/T = X//TC

X//G = µ−1
K (0)/K Lα = µ−1

T (0)×T Cα → X//TC

(1)

Classical results:

(SM,’00) H∗(X//G ,Q) ' H∗(X//T,Q)W

ann(e) where ann(e) = {c ∈ H∗(X//T ,Q)W |c ∪ e = 0}.

(SM,’00)
∫
X//G

a = 1
|W |

∫
X//T

ã ∪ e for any a ∈ H∗(X//G) with lift ã ∈ H∗(X//T ).

(JK,’02) Residue formula of Jefffey-Kirwan for
∫
X//T

a

Non-reductive case:

µ−1
K (0)/S1 � � j //

π

��

µ−1
Û

(0)/S1 = X//Û
� � i // µ−1

S1 (0)/S1 = X//C∗

µ−1
K (0)/K = X//G

(2)

The description of the corresponding normal bundles is similar using the line bundles
corresponding to the roots of U.
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Û

(0)/S1 = X//Û
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Cohomology of non-reductive quotients II: Intersection pairings

Theorem [Non-reductive abelianisation, B-Kirwan ’19]
(1) Cohomology

H∗(X//Û,Q) ' H∗(X//C∗,Q)/ann(e(Vu)

where
ann(e(Vu)) = {c ∈ H∗(X//C∗,Q)|c ∪ e(Vu) = 0}

(2) Intersection numbers

∫
X//Û

i∗(α) =

∫
X//C∗

α ∪ e(Vu),

(3) Integration formula For any Chern polynomial φ(V ) ∈ C[c1(V ), c2(V ), . . .]

whose degree is the dimension of X//Û we have

∫
X//Û

φ(V ) = nC∗Resz=∞

∫
XC∗

min

i∗
XC∗

min

(φ(V ) ∪ e(Vu))dz

eT (N
XC∗

min
)
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Main theorem: arXiv:1909.11417

Polynomial Green-Griffiths-Lang theorem (B-Kirwan ’19). Let X ⊆ Pn+1 be a
generic smooth projective hypersurface of degree deg(X ) ≥ 16n5(5n + 4). Then X is
weakly hyperbolic.

Polynomial Kobayashi theorem (B-Kirwan ’19). A generic smooth projective
hypersurface X ⊆ Pn+1 of degree deg(X ) ≥ 16(2n− 1)5(10n− 1) is Brody hyperbolic.
Proof: Let X ⊂ Pn+1 a projective hypersurface. Let Xk = JkX//Diffk be the NRGIT
quotient with tautological bundle OXk

(1). Then the direct image sheaf

π∗OXk
(m) ⊆ O(Ek,≤2Nkm))

is a subsheaf of the sheaf of holomorphic sections of Ek,≤2Nkm = ⊕2Nkm
i=0 Ek,i . Then we

prove that
H0(Xk ,OXk

(m)⊗ π∗K−2δNnm
X ) 6= ∅

provided that δ = 1
16n5 , deg(X ) > 2(4n)5, 2δNnm� 0 is integer. Morse inequalities

reduce this problem to proving the positivity of a cohomological intersection number:∫
Xk

(u + 4Nh)n
2
− n2(u + 4Nh)n

2−1(4Nh + 2δnN(d − n − 2)h > 0

where h = c1(OX (1)), u = c1(OXk
(1)). The moment map description gives

∫
Xk

In,δ =

∫
X

Res
w=∞ Res

z=∞
(n − 1)!(z − w)n−1 In,δ (z, w, h)dwdz

(−1)n−1z
∏n−1

l=0 (lz − (l + 1)w)n

n−1∏
l=0

(
1 +

dh

lz − (l + 1)w

)(
1 −

h

lz − (l + 1)w
+ . . .

)n+2
> 0
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X
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+ . . .
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